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On Weak Chebyshev Subspaces.
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This paper is a generalization of the result obtained by F. Deutsch, G.
Niirnberger, and 1. Singer (1980, Pacific J. Math. 88, 9-31). It is shown that if Q
is a locally compact totally ordered space, and N is an n-dimensional subspace.of
Co(Q), then N is a weak Chebyshev subspace if and only if for each f EO Co(Q), there
is gEO N such that Ilf - gil = d(j, N) and (.f - g) equioscillates at (n + 1) points.
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1. INTRODUCTION

The closed subset C of the Banach space X is said to be "proximinal" in
X if for each XEX there is YoEC such that d(x,C)=llx-Yoll, where
d(x, C) is the distance of x from C, that is,

d(x, C)=inf{llx-zll; ZEC}.

If C is proximinal in X, then the set valued function Pc: X=> 2c defined
by Pdx) = {y E C; d(x, C) = Ilx - ylI} is called the "metric projection" from
X onto C, and the continuous function g: X -l> C is called a "continuous
selection" for the metric projection Pc if g(x) EPd x) for each x EX.

If Q is a compact Hausdorff space, then C(Q) is the Banach space of all
continuous real valued functions defined on Q, and if Q is a locally com­
pact Hausdorff space then Co(Q) is the Banach space of all continuous real
valued functions defined on Q and "vanishing at infinity"; that is, if
!ECo(Q), then for all <;>0 the set {qEQ; 1!(q)I~<;} is compact. The
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norm defined on C(Q) and Co(Q) is the supremum norm; that is,
11111 =sup{ll(q)!; qEQ}.

The n-dimensional subspace N of C(Q) is called a Chebyshev subspace
if each g =1= 0 in N has at most (n - 1) zeros in Q. By the Haar theorem, the
n-dimensional subspace N of C(Q) is a Chebyshev subspace if and only if
for each IE C(Q), the set P N (f) is a singleton. Using this property one can
easily show that, if N is an n-dimensional Chebyshev subspace of c(Q),
then the metric projection P N is a continuous function from C(Q) onto N.
This property fails if N is not a Chebyshev subspace, and in this case the
metric projection P N may even fail to have a continuous selection.
However, there are strong restrictions on the existence of Chebyshev
subspaces; for example, Schoenberg and Yang [7J proved that if n?: 2,
and C(Q) contains an n-dimensional Chebyshev subspace, then Q is
homeomorphic to a subset of the circle.

Many other authors have tried to find some weaker conditions which
insure the existence of a continuous selection for the metric projection. In
this area of approximation theory the "totally ordered spaces" play an
important role. Brown [1 J showed that if n?: 2 and C(Q) contains an
n-dimensional subspace N, for which the metric projection P N has a con­
tinuous selection, and no g =1= 0 in N vanishes at a nonempty open interval
in Q, then either Q is homeomorphic to the circle or Q is a totally ordered
space. Another important concept is the concept of "weak Chebyshev
subspaces." If Q is a locally compact totally ordered space, then the
n-dimensional subspace N of Co(Q) is called a weak Chebyshev subspace
of Co(Q) if each g in N has at most (n - 1) changes of sign; that is, there
do not exist (n+1) points X 1 <X2 < ... <Xn +l in Q such that
g(x;) g(x i + 1) < 0 for each i = 1, 2, ..., n. Niirnberger [6J showed that if N is
an n-dimensional subspace of C[a, bJ such that the metric projection P N

has a continuous selection, then N is a weak Chebyshev subspace. Other
important properties that may be satisfied by some n-dimensional subspace
of Co(Q) and that are essential in the proof of the results concerning weak
Chebyshev subspaces are mentioned in Definition 1.1.

1.1. DEFINITION. Let Q be a locally compact totally ordered space and
let N be an n-dimensional subspace of Co(Q). The subspace N mayor may
not possess one of the following properties:

WC 1 : N is weak Chebyshev.

WC 2 : For each basis {gj, g2, ... , gn} of N and points t 1 < t2 < ... < tn

in Q and SI < S2 < ... < Sn in Q it is always true that
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WC 3 : For each Xl <X2< ... <xn - l in Q, there is g#O in N such
that

g(x;) = 0

(_1)i g(x)~O

g(x) ~ 0

(_1)n-1 g(x)~O

for i= 1, 2, ..., n-l,

for XE{XEQ;Xi~X~Xi+l} and i=1,2, ...,n-2,

for XE{XEQ;X~xd,

WC 4 : For each f E Co(Q) there is gE N such that Ilf - gil = d(j,
and II! - gil equioscillates at (n + 1) points of Q; that IS, there are
Xl <X2 < ... <Xn + l in Q and 8= ±1 such that

(-1)i(f-g)(x;)=81If-gll, for i = 1, 2, ... , n + 1.

Jones and Karlovitz [4] proved that if Q is a real compact interval then
the four properties are equivalent on any n-dimensional subspace of C(Q),
and Deutsch, Nurnberger, and Singer [3] obtained the same result in the
case when Q is any locally compact subset of the real numbers. However,
in both cases the proof depends on the properties of the real numbers and
cannot be generalized.

The properties WCI' WC 2 , and wc3 are algebraic and the following
proposition clarifies the relationship among them. The proof of this
proposition is the same as the proof of Lemma 4.1 of Zielke [9, p. 12].

1.2. PROPOSITION. Let Q be a locally totally ordered space, and let N be
an n-dimensional subspace ofCo(Q). Then the three properties WCI' WC 2 , and
wc 3 for N are equivalent.

In this paper it is shown that for any locally compact totally ordered
space Q, the property wc4 is equivalent to each of the other three properties
on any n-dimensional subspace of Co(Q). The proof is simple and depends
on the topological properties of Q. At the end of-Section 2, it is shown that
there is a compact totally ordered space Q, which is not homeomorphic to
any subset of the real numbers, such that for each positive integer n ~ 1,
C(Q) contains an n-dimensional weak Chebyshev subspace.

The rest of this section will cover some definitions and notations that
will be used frequently in this paper. In this paper, "Q is a totally ordered
space" means that Q is a totally ordered set, with the order topology
defined on it. The intervals [x, y], (x, y) and the termonilogies - 00

and + 00 have their ordinary meanings. For example, (- 00, x o)=
{x EQ; X < xo}. If Q is a locally compact totally ordered space, then the
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function f ECo(Q) is said to "equioscillate" at n points of Q, if there are
ql <q2'< ... <qn in Q and B= ±1 such that

for i= 1, 2, ..., n.

1.3. DEFINITION. Let Q be a locally compact totally ordered space, and
let N be an n-dimensional subspace of Co(Q). Then the subspace N mayor
may not possess one of the following properties:

c l : Each g#O in N has at most (n -1) zeros in Q.
c2: If {gl' g2' ..., gn} is a basis for N, t l < t2< ... < tn in Q and

s I < s2 < .,. < sn in Q then

c3: If XI <X2< ... <Xn-I in Q, then there is gin N, such that

g(Xi ) =0

(_l)i g(x»O

for i = 1, 2, ..., n - 1,

for XE (Xi' Xi+ l ) and i=O, 1, ..., n-1,

where X o= -00 and X n = +00.

It is well known that if Q is a compact real interval then CI, C2, and C3

are equivalent for any n-dimensional subspace of C(Q).

1.4. LEMMA. Let Q be a locally compact totally ordered space, and let N
be an n-dimensional subspace of Co(Q). If N has the property C2 then N has
the property c I and the property c3'

Proof C2 = CI: If N does not have the property CI then there is g # 0
in Nand t l < t 2< ... < tn in Q, such that g(tJ =0 for each i= 1, 2, ..., n.
But then for any basis {gl, g2, ... , gn} of N, det[dtj)] =0 so N does not
have the property c2 •

C2 = C3: Let {gl' g2, ..., gn} be a basis for N, if XI < X2 < ... < Xn_ 1

are any (n - 1) points of Q, then define g EN as

g I(x I)

g(x) = g2(xd

gn(xd

gl(Xn- l ) gl(x)

gAxn-l) g2(X)

Since N has the property C2 it follows that g has the required properties.

1.5. PROPOSITION. Let Q be a compact totally ordered space, and let N
be an n-dimensional subspace of C(Q) that has the property C2' Then for
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each f E C(Q) and each gE N, Ilf - gil = d(f, N) if and only if (f - g) equi­
oscillates at (n + 1) points of Q.

Proof By Lemma 1.4, the subspace N is a Chebyshev subspace of
C(Q); thus the result follows from Singer [8, Theorem 1.4, p. 182J and the
fact that N has the property C2'

2. THE FOURTH PROPERTY OF WEAK CHEBYSHEV SUBSPACES

In this section it is shown first that when Q is finite, then each weak
Chebyshev subspace of C(Q) has the property WC 4 • This is established in
Lemma 2.3. In Lemma 2.4 the proof is generalized to any locally compact
totally ordered space. In Lemma 2.8 it is shown that every finite dimen­
sional subspace of Co(Q) that has the property wc4 is a weak Chebyshev
subspace. At the end of this section an example showing that the
generalization in this paper is not vacuous is given.

2.1. PROPOSITION. Let Q= {Xl> x 2, ..., x m } be afinite totally ordered set
such that Xl < X2 < ... < Xm , let n ~ m be a positive integer, and let N be
an n-dimensional weak Chebyshev subspace of C(Q) generated
{gl' g2' ... , gn}' For each a>O and each j= 1, 2, ..., m, define

Then

m

gk(xJ= L e- cr(i- J)2· gk (x;),
i~l

for k = 1, 2, ..., n.

(1) For each k = 1, 2, ..., n, g'k converges uniformly to gk as a ---f 00.

(2) For each a> 0, the subspace Ncr of C(Q) generated
{gT, g~, ..., g~} has the property c2.

Proof It follows from Proposition 1.2 of Karlin [5, p.220J, and the
fact that N has the property wc2 .

2.2. LEMMA. Let Q be a locally compact totally ordered space, and let N
be an n-dimensional weak Chebyshev subspace of Co(Q). For each f E Co(Q)
and g E N, if (f - g) equioscillates at (n + 1) points of Q, then Ilf - gil =
d(f, N).

Proof Assume not; then there is hEN, such that Ilf - hll < Ilf­
Since f - g equioscillates at (n + 1) points, it follows that there are
Xl < X2 < ... < X n + 1 in Q and G = ±1, such that for each k = 1, 2, ... , n + 1

640/67/2-2
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Let r = h - g. Then for each k = 1, 2, ..., n + 1,

s( _l)k r(xk) = e( _l)k (f - g)(Xk) - e( _l)k (f -h)(xd

= III - gll-e( _l)k (f -h)(xk)

~ III - gil-III -hll >0.

Thus r has more than (n - 1) changes of sign. Therefore N is not a weak
Chebyshev subspace, which is a contradiction.

2.3. LEMMA. Let Q= {XI> XZ , ... , x m } be a linite totally ordered space
such that Xl < Xz < ... < Xm , let n ~ m -1 be a positive integer, and let N be
an n-dimensional weak Chebyshev subspace 01 C(Q). Then lor each IE C(Q),
there is gEN such that III - gil = d(f, N) and1- g equioscillates at (n + 1)
points 01 Q.

Proof If lEN then d(f, N) = III - III = 0 and 0 equioscillates. So one
may assume that I if. N.

Let {gl' gz, ..., gn} be a basis for N. For each i~ 1, let (Ji= i. By
Proposition 2.1 the n-dimensional subspace N i of C(Q) generated by
{gi, g~, ..., g~} has the property Cz. Thus by Proposition 1.5, if gi is the
unique best approximation to I from N i, then 1- gi equioscillates at
(n + 1) points; that is, there is Si = ±1 and xi < x~ < .. , < x~ + 1 in Q, such
that for each k = 1, 2, ..., n + 1,

(_l)k (f - gi)(XU = Si III_ gill.

Since gi E N i, it follows that there are Ai, A~, ..., A~ in R such that
gi =L%~ 1 A~ g~. Using the fact that g~ -+ gk uniformly on Q, Ilgill ~ 211/11.
Using the fact that gl> gz, ..., gn are linearly independent, it follows that the
sequence {(Ai, ..., A~)} ~ 1 is bounded in 1';. Therefore, the sequence
{(xi""'X~+I' Si,Ai, ...,A~)}~1 has a convergent subsequence in
(TIZ;;;i Q) X 1;:'+1'

Without loss of generality assume that {(xL ..., x~+1> Si' Ai, ..., A~)}~1
converges to (x I> ... , Xn+ 1, e, AI' ..., An), and that ei = e for each i~ 1. It is
clear that Xl ~ Xz ~ ... ~ Xn+l' Let g = Lk~ 1 Ak gk in N; by Lemma 2.2 it
is enough to show that 1- g equioscillates at (n + 1) points.

By Proposition 2.1 for each k = 1, 2, ... , n, g~ -+ gk' Thus since
(Ai, ... , A~) -+ (AI' ..., An), it follows that

lim III-gill = III - gil·
i --"1> 00

Furthermore (xi, ..., X~ + 1) -+ (X 1, ..., Xn+ 1)' so for each k = 1, 2, ..., n + 1,
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Thus for each k = 1,2, ..., n + 1, I: Ilf - gil = liffii~ 00 I: i Ilf - gill =
( l)kliffihoo (f_gi)(XU= (-I)k(f-g)(xk)' Since Ilf-gll#O, it
follows that XI < X 2 < ... < X n + 1 and (f - g) equioscillates at
XI <X2 < ... <Xn+I'

2.4. LEMMA. Let Q be a locally compact totally ordered space that con­
tains at least (n + 1) points, and let N be an n-dimensional weak Chebyshev
subspace of Co(Q). Then for each f E Co(Q), there is g E N such that
Ilf - gil = d(f, N) and f - g equioscillates at (n + 1) points of Q.

Proof If fEN, then d(f, N) = 0 and f - f = 0 equioscillates, so one
may assume that f ¢ N.

Let {gl' g2' ..., gn} be a basis for N. Since Q contains at least (n+ )
points, it follows that one can find a compact subset Q' of Q satisfying the
following properties:

(a) gll ..., gn and f are linearly independent over Q'.
(b) For each XEQ\Q', and each gEN with Ilgll ~21Ifll, the

inequality l(f - g)(x)1 < d(f, N) holds.

For each positive integer i;?: 1, let I: i = Iii. By the compactness of Q', and
the continuity of the functions gll g2' ... , gn and f, one can find a family
{A i}~ I of finite subsets of Q' satisfying the following properties:

(1) AisAi+ l , for each i;?: 1.

(2) For each i;?: 1, the functions gl' ..., gn and f are linearly inde­
pendent over Ai'

(3) For each i;?: 1 and each X E Q', there is y E Ai, such that for each
hE {g I' ... , gil' j} the inequality Ih(x) - h(y)1 < I: i holds.

For each hE Co(Q), let hi = h IAi' Then it is obvious that the n-dimensional
subspace N i generated by {gL ... , g~} is a weak Chebyshev subspace in
C(A,.). By Lemma 2.3 there is gi =L~~ I A~ gk in N i such that liP - gill =:0

d(fi, N i
) and P - gi equioscillates at n + 1 points; that is, there is (Yi = ±1

and x~ < x~ < '" < x~+ I in Ai, such that for each k = 1, 2, ... , n + 1,

Using the definition of Ai and gL the fact that Ilgill ~ 2 Ilfll, and the fact
that g 1l ... , gn are linearly independent, it follows that the sequence
{UL ...,A~)}~I is bounded in I'::. Thus the sequence {(x~, ..., X~+I'

}'~''''')'~)}~I has a cluster point (x1"",Xn+l' [y, }'j''''')'n) in
(n~~i Q)xl'::+j'
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Let g = LL 1 Ak gk in N. Then as in Lemma 2.3 one can show that f - g
equioscillates at Xl' ..., Xn+ l' Therefore, since N is a weak Chebyshev
subspace of Co(Q), it follows by Lemma 2.2 that Ilf - gil = d(f, N).

In the following definition, B(Q) is the set of all bounded real valued
functions defined on Q.

2.5. DEFINITION. Let Q be a locally compact totally ordered space, and
let Xl < X2< ... < Xn be n points in Q. Then the function f E B(Q) is said
to alternate between the n points Xl' ..., Xn if there is e = ±1 such that

for XE (Xi' xi+d and i=O, 1, ... , n.

where X o= -00 and X n +1 = 00.

In Definition 2.5 the function f can take any value at the points
Xl' ..., Xn, and some of the sets (Xi' xi+d for i=O, 1, ..., n might be empty.
It is clear that if f alternates between n points then f has at most n changes
of sign, but the converse is not generally true.

2.6. LEMMA. Let Q be a locally compact totally ordered space, let n ~ 1
be a positive integer, and let Xl < X2 < .. , < Xn-1 be n - 1 elements in Q. Let
f E B(Q) be a bounded function that alternates between the points
X1'''''Xn- 1, If gECo(Q) is such that f-g equioscillates at n+l points,
then there is XE Q\ {Xl> ..., xn-d such that Ig(x)1 ~ Ilf - gil.

Proof The proof is by induction. If n = 1 then there are Y1 < Y2 in Q
and 8= ±1 such that (_I)k (f-g)(Yk)=ellf-gll fork=I,2. Thus

(-I)k+1 g(Yd=sIIf-gll+(-I)k+1f(Yk)' for k=I,2.

Since f does not change sign on Q, it follows that f(yd f(Y2) ~ 0, so there
is XE {Y1' Y2} such that Ig(x)1 = Ilf- gil + If(x)l; that is, Ig(x)1 ~ Ilf - gil.
Let n~ 1 be a positive integer and assume that the hypothesis is true for
each positive integer k ::s; n. It will be shown that the hypothesis is true for
k = n + 1. Assume that f alternates between the points Xl' ..., Xn, where
X1<X2<", <xn in Q, and f-g equioscillates at Y1, ...,Yn+2' where
Y1 <Y2< ... <Yn+2 in Q. Then there is 8= ±1 such that

for k = 1, 2, ..., n +2.

(a) Assume that Yk+ 1 = Xk for k = 1, 2, ..., n. Then Y1 < Xl and g(yd =
8 Ilf - gil + f(Y1)' If Ig(Y1)1 ~ Ilf - gil, then there is nothing to prove. If
Ig(y1)I < II f - gil, then - 8f(y1) > 0. Since f does not change sign on the
set {XEQ;X<X 1}, it follows that -8f(x)~0 for each x<x1. Thus
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E(-1t+ 1 f(x)~O for each X>Xn- Since Yn+2>xn, it foHows that
E(-1)n+1 f(Yn+2)~0. But

( _1)n + I g(yn+2) = E II f - gil + (_1)n +I f(y n+2),

so Ig(Yn+2)1 = Ilf - gil + If(Yn+2)1 ~ Ilf - gil·

(b) Assume that there is-koE{1,2, ...,n} such that Yko+I=FXko '
Then ko~n. If Yko+I<Xko' let Q'={XEQ;X~Yko+d and {xl,.··,xd=
Q' n {x I' ... , X n _ d. The function f IQ' alternates between the points
XI"",Xh, (/-g)I Q, equioscillates at YI"",Yko+1 and h~ko-1. Since
the hypothesis is true for k = h + 1~ ko, it follows that there
is xEQ'\{xj, ...,xn_d such that Ig(x)I~II(/-g)ld=llf-gll. If
Yko+I>Xko' let Q'={xEQ;x~Yko+d and let {xj"",xh}=Q'n
{x j , ... , x n _ I }. Since h + 1~ n - ko, it follows that one can show that there
is XEQ'\ {Xj, ..., xn-d such that Ig(x)1 ~ 11(/ -g) Id = Ilf -gil·

2.7. LEMMA. Let Q be a locally compact totally ordered space, and let N
be an n-dimensional subspace of Co(Q). If N has the property WC4 , then for
each XI <x2< ... <xn_ 1 in Q and each {O"j, ..., O"n-d with 0";= ±1, there
is g E N satisfying the following properties:

(1) g(xk)=O ifxk is not an isolated point in Q, and O"kg(xd~O ifxk
is an isolated point in Q.

(2) (-1)kg(x)~0,forxE(xk,xk+dandk=O,1,2, ...,n-l, where
Xo = -00 and Xn= 00.

(3) There is x E Q \ {x j, ... , Xn_ d such that g(x) =F 0.

Proof Let f: Q ~ R be a bounded function defined on Q as follows:

(a) (_1)k f(x) = 1, for XE (xk, x k+j) and k=O, 1,2, ..., n-1.

(b) If(xk)1 = 1 for k = 1, 2, ..., n - 1, and the sign of f(xd satisfies the
property that sign f(Xk) = O"k if Xk is an isolated point in Q, and f is not
continuous at X k if X k is not isolated in Q.

If Q is compact and the points x I' ... , X n _ I are isolated, then f E Co(Q).
Thus there is g EN such that Ilf - gil = d(f N) ~ Ilfll = 1, and f - g equi­
oscillates at n + 1 points. It is obvious that for each x E Q, g(x)· f(x) ~ 0,
so applying Lemma 2.6, one can show that g has the required properties.

If Q is not compact or if {x I' ..., X n _ I} are not an isolated, then let
}; be the set of all the compact subsets of Q of the form
A = AoU Al U ... u A n _ j , where A; is a compact subset of Q satisfying the
following properties:

(i) A;<;; [x;, x;+j] for 1 =0,1,2, , n-1.

(ii) A;nA;+j=0fori=0,1,2, ,n-1.
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(iii) XiEA i_ 1 if Xi is a right accumulation point but not a left
accumulation point; Xi rf= A i- l U Ai if Xi is an accumulation point from both
sides; Xi E Ai if Xi is an isolated point and (ji = (-1 )i; and Xi E A i- l if Xi is
an isolated point and (ji = (_l)i-l.

Then I is partially ordered by inclusion. For each A E I, let fA E Co(Q)
be a continuous function satisfying the properties that fA = f on A,
IlfA II = 1, and fA alternates at (n - 1) points xt, xt, ..., x~_ l> where xt = Xi
if Xi is an isolated point. For each A E I, let gA E N be such that
IlfA - gAil = d(fA' N) and fA - gA equioscillates at (n + 1) points. Then for
each A EI

It will be shown that, for each 8> 0, there is Be E I such that for each
A E I, if Be £ A, then 1 ~ d(fA' N) > 1 - 8. Either Q is not compact or
{x I' ... , X n _ d are not all isolated points. If Q is not compact then since
dim N < 00 and II gAil ~ 2 for each A E I, it follows that there is a compact
subset C of Q such that if xrf= C and A EI, then IgA(X)1 <8. Let BeEI be
such that Be \ C i= 0. Then Be satisfies the required properties. If
{Xl> ... , x n - l } are not all isolated points, then there is l~io~n--'-1 such
that X io is an accumulation point. Since dim < 00 and II gAil ~ 2 for each
A E I, it follows that there is a neighborhood U of x io such that for each
xi=y in U and AEI, IgA(x)-gA(y)1 <8. Let BeEI be such that Be=
Bou ... U Bio - l U B io U ... u Bn- l , with B io - l () U i= 0 and B io () U i= 0.
Then since gA changes sign in U for each Be £ A E I, it follows that Be has
the required properties.

By Lemma 2.6 if Be £ A EI, then there exists ZA rf= {x1 , ..., X~_ I} such
that IgA(ZA)1 > 1-8. Furthermore. it is obvious that gA has the required
sign on A. So since the set {x E Q; IgA(x)1 ~! for some A E I} is compact,
it follows that the net {(gA' ZA); A EI} has a cluster point (go, zo) in
Nx Q, for which go satisfies properties (1) and (2) and Igo(zo)1 ~ 1. To
show that g satisfies property (3) it is enough to show that
zorf= {Xl' ..., xn-d·

Assume that ZoE {Xl' ..., x n- l }. Then if Zo is not an isolated point in Q,
it follows that go(zo) = 0, which is a contradiction. If Zo is an isolated point
in Q, then since Zo is a cluster point for the set {zA; A E I}, it follows that
ZO=ZA for some A EI. But then zorf= {Xl' ..., Xn-l}.

2.8. LEMMA. Let Q be a locally compact totally ordered space, and let N
be an n-dimensional subspace of Co(Q). If N has the property WC4' then N
is a weak Chebyshev subspace of Co(Q).

Proof By Proposition 1.2, it is enough to show that N has the property
WC3. Let Xl < X2 < ... < Xn_l be (n -1) points in Q. It will be shown by
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induction that for each k~n-1, and each {O"k+1' ..., (In-d with 0";= ±l,
there is g E N satisfying the following properties:

(1) g(x;)=O for i= 1, 2, ..., k.

(2) O";g(x;) ~ 0 for i= k+ 1, ..., n-l.

(3) (-l);g(x)~O for XE(X;,xi+d and i=O,1, ...,n-1, where
X o = -00 and X n = 00.

(4) ThereisxEQ\{x 1, ...,xn _d such that g(x)#O.

If this is true then N has the property wc 3 .

For k = 1, by Lemma 2.7, there are gl, gz in N satisfying properties (2),
(3), and (4) with gl(Xl)~O and gz(xd~O. If gl or gz is equal to zero at
x 1 then the hypothesis is true for k = 1. Otherwise, let

Then g satisfies properties (1), (2), and (3) and since gl(X) gz(x)~O for
each x ¢ {x 1> .•. , X n _ d, it follows that g satisfies property (4).

Assume that the hypothesis is true for some k ~ n - 2. It will be shown
that it is true for k + 1.

Since the hypothesis is true for k, it follows that there are gland gz in
N satisfying properties (3) and (4) such that

gl(Xk+1) ~ 0,

O";gj(X;)~O

for i= 1, 2, ... , k,

gz(Xk+d ~ 0,

for i = k + 2, ..., n - 1 and j = 1, 2.

Using the same approach as that in the case when k = 1, one can show
that the hypothesis is true for k + 1.

2.9. THEOREM. Let Q be a locally compact totally ordered space that
contains at least (n + 1) points, and let N be an n-dimensional subspace of
Co(Q). Then N has the property WC4 if and only if N is a weak Chebyshev
subspace.

Proof It follows from Lemmas 2.4 and 2.8.

2.10. THEOREM. Let Q be a locally compact totally ordered space that
contains at least (n + 1) points, and let N be an n-dimensional subspace of
Co(Q). Then N is a weak Chebyshev subspace of Co(Q) if and only if it has
one of the four equivalent properties WC 1 , wCz, WC 3 , and WC4'

Proof It follows from Proposition 1.2 and Theorem 2.9.
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In the following example, it is shown that there is a compact totally
ordered space Q that is not homeomorphic to any subset of the real num­
bers, such that for each n?:, 1, C(Q) contains a weak Chebyshev subspace
of dimension n. For the importance of this space one can see Brown [1, 2].

2.11. EXAMPLE. Let Q be the set ([0, 1]) x {O, 1})\ {(O, 0), (1,1)}, and
let ~ denote the lexicographic ordering on Q; that is,

(a, b) ~ (e, d) if and only if either a < e or a = e and b~ d.

By Brown [2], the totally ordered space Q is compact and separable.
Furthermore, it is not homeomorphic to any subset of the real numbers,
and for each (a, 0) E Q the function fa defined by

if x ~ (a, 0)

if x>(a,O)

is continuous.
Let n?:, 1 be a positive integer, let 0< al < ... < an < 1 be n real num­

bers, and let N be the n-dimensional subspace of C(Q) generated by
{fat' fa2' ..., faJ· Then it follows from Karlin [5, Example (ii), p. 16] that
N has the property we2 , and thus N is an n-dimensional weak Chebyshev
subspace of C(Q).
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