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This- paper is a generalization of the result obtained by F. Deutsch, G.
Niirnberger, and I. Singer (1980, Pacific J. Math. 88, 9-31). It is shown that if O
is a locally compact totally ordered space, and N is an n-dimensional subspace.of
Co(Q), then N is a weak Chebyshev subspace if and only if for each fe Ci{ @), there
is geN such that |f—gll =d(f, N) and (f — g) equioscillates at (n+ 1) points.
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1. INTRODUCTION

The closed subset C of the Banach space X is said to be “proximinal” in
X if for each xe X there is y,e C such that d(x, C)=|x— y,|, where
d(x, C) is the distance of x from C, that is,

d(x, C)=inf{||x—z|; ze C}.

If C is proximinal in X, then the set valued function P.: X = 2¢ defined
by Po(x)={yeC;d(x, C)=|\x— y|} is called the “metric projection” from
X onto C, and the continuous function g: X — C is called a “continuous
selection” for the metric projection P, if g(x)e P(x) for each xe X.

If Q is a compact Hausdorff space, then C(Q) is the Banach space of all
continuous real valued functions defined on , and if Q is a locally com-
pact Hausdorff space then Cy(Q) is the Banach space of all continuous real
valued functions defined on @ and “vanishing at infinity”; that is, if
e Ce(Q), then for all ¢>0 the set {geQ; | fg)l =¢} is compact. The
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norm defined on C(@Q) and Cy(Q) is the supremum norm; that is,
I/ =sup{|f(g)]; g€ O}

The n-dimensional subspace N of C(Q) is calied a Chebyshev subspace
if each g#0 in N has at most (n— 1) zeros in Q. By the Haar theorem, the
n-dimensional subspace N of C(Q) is a Chebyshev subspace if and only if
for each fe C(Q), the set Py(f) is a singleton. Using this property one can
easily show that, if N is an n-dimensional Chebyshev subspace of C(Q),
then the metric projection P, is a continuous function from C(Q) onto N.
This property fails if N is not a Chebyshev subspace, and in this case the
metric projection P, may ecven fail to have a continuous selection.
However, therc are strong restrictions on the existence of Chebyshev
subspaces; for example, Schoenberg and Yang [7] proved that if n>2,
and C(Q) contains an n-dimensional Chebyshev subspace, then Q is
homeomorphic to a subset of the circle.

Many other authors have tried to find some weaker conditions which
insure the existence of a continuous selection for the metric projection. In
this area of approximation theory the “totally ordered spaces” play an
important role. Brown [1] showed that if n>2 and C(Q) contains an
n-dimensional subspace N, for which the metric projection P, has a con-
tinuous selection, and no g # 0 in N vanishes at a nonempty open interval
in Q, then either Q is homeomorphic to the circle or Q is a totally ordered
space. Another important concept is the concept of “weak Chebyshev
subspaces.” If Q is a locally compact totally ordered space, then the
n-dimensional subspace N of Cy(Q) is called a weak Chebyshev subspace
of Cy(Q) if each g in N has at most (n— 1) changes of sign; that is, there
do not exist (n+1) points x; <x,< ---<Xx,,; in @ such that
g(x,) g(x;,.)<0foreach i=1,2, .., n Nirnberger [6] showed that if N is
an n-dimensional subspace of C[a, b] such that the metric projection P,
has a continuous selection, then N is a weak Chebyshev subspace. Other
important properties that may be satisfied by some n-dimensional subspace
of Cy(Q) and that are essential in the proof of the results concerning weak
Chebyshev subspaces are mentioned in Definition 1.1.

1.1. DeriNITION. Let Q be a locally compact totally ordered space and
let N be an n-dimensional subspace of Cy(Q). The subspace N may or may
not possess one of the following properties:

wey: N is weak Chebyshev.

wc,:  For each basis {g,, g2, .., g,} of N and points t; <t, < --- <¢
in Q and 5, <s,< --- <3, in Q it is always true that

n

det[g,(2,)] det[g,(s;)]1=>0.
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wey: For each x, <x,< .- <x,_; in Q, there is g#0 in N such
that

g(x;)=0 for i=1,2,.,n—1,
(—1) g(x)>0  for xe{xeQ;x;<x<x. }andi=12 . 1n-2,

g(x)=0  for xe{xeQ;x<x,},

N

(—1)" ! g(x)=0 for xe{xeQ;x>x,_,}

wey: For each fe Cy(Q) there is ge N such that | f— gl =d(f, N}
and | f—gl| equioscillates at (n+1) points of Q; that is, there are
X <X, < -» <X, in Q and e= 41 such that

(=Y (f—g)Xx)=¢|f—zl, for i=1,2,.,n+1.

Jones and Karlovitz [4] proved that if Q is a real compact interval then
the four properties are equivalent on any n-dimensional subspace of C(Q),
and Deutsch, Niirnberger, and Singer [3] obtained the same result in the
case when ( is any locally compact subset of the real numbers. However,
in both cases the proof depends on the properties of the real numbers and
cannot be generalized.

The properties wc,, we,, and we; are algebraic and the following
proposition clarifies the relationship among them. The proof of this
proposition is the same as the proof of Lemma 4.1 of Zielke [9, p. 12].

1.2. PROPOSITION. Let Q be a locally totally ordered space, and let N be
an n-dimensional subspace of Co(Q). Then the three properties wc,, we,, and
wcs for N are equivalent.

In this paper it is shown that for any locally compact totally ordered
space (), the property wc, is equivalent to each of the other three properties
on any n-dimensional subspace of Cy(Q). The proof is simple and depends
on the topological properties of Q. At the end of-Section 2, it is shown that
there is a compact totally ordered space Q, which is not homeomorphic to
any subset of the real numbers, such that for each positive integer n> 1,
C(Q) contains an n-dimensional weak Chebyshev subspace.

The rest of this section will cover some definitions and notations that
will be used frequently in this paper. In this paper, “Q is a totally ordered
space” means that Q is a totally ordered set, with the order topology
defined on it. The intervals [x, y], (x, y) and the termonilogies — o
and +oo have their ordinary meanings. For example, {—o0, x4)=
{xeQ;x<x,}. I Qis a locally compact totally ordered space, then the
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function fe Cy(Q) is said to “equioscillate” at » points of @, if there are
§1<q,,< --- <q,in @ and e= +1 such that

(-1 flg)=¢lfl for i=1,2,..,n

1.3. DEFINITION. Let Q be a locally compact totally ordered space, and
let N be an n-dimensional subspace of Cy(Q). Then the subspace N may or
may not possess one of the following properties:

¢;: Each g+#0 in N has at most (n— 1) zeros in Q.

cy: If {gy, &2, g4} is @ basis for N, t;,<t,< --- <t, in @ and
5 <8< - <5, in Q then

det[g;(1)]-det[g,(s;)]1>0.
¢35 Ifx; <x,<---<x,_;in Q, then there is g in N, such that
g(x)=0 for i=1,2,.,n—1,
(—=1)'g(x)>0  for xe(x;x;,)andi=0,1,.,n—-1,

where x,= —oo0 and x,= +o0.

It is well known that if Q is a compact real interval then ¢, ¢,, and ¢;
are equivalent for any n-dimensional subspace of C(Q).

1.4. LeMMA. Let Q be a locally compact totally ordered space, and let N
be an n-dimensional subspace of Co(Q). If N has the property c, then N has
the property c, and the property cs.

Proof. c¢,=c;: If N does not have the property c, then there is g #0
in Nand 1,<t,< --- <ft, in Q, such that g(¢,)=0 for each i=1,2, .., n

But then for any basis {g,, g2, ..., §,} of N, det[g{(#;)]1=0 so N does not
have the property c,.

c;=c3: Let {gy, g2, .., &,} be a basis for N, if x; <x,< --- <x,_;
are any (n— 1) points of Q, then define ge N as

gi(xy) - gilx,my) gi(x)
g(x)= gz(fﬁ) gZ(x:nfl) ngx) .
gn(xl) gn(xn—l) gn(x)

Since N has the property ¢, it follows that g has the required properties.

1.5. ProprosITION. Let Q be a compact totally ordered space, and let N
be an n-dimensional subspace of C(Q) that has the property c,. Then for
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each f € C(Q) and each ge N, | f— gl =d(f, N) if and only if (f — g) equi-
oscillates at (n+ 1) points of Q.

Proof. By Lemma 1.4, the subspace N is a Chebyshev subspace of
C(Q); thus the result follows from Singer [8, Theorem 1.4, p. 1827 and the
fact that N has the property c,.

2. THe FOURTH PROPERTY OF WEAK CHEBYSHEV SUBSPACES

In this section it is shown first that when @ is finite, then each weak
Chebyshev subspace of C(Q) has the property we,. This is established in
Lemma 2.3. In Lemma 2.4 the proof is generalized to any locaily compact
totally ordered space. In Lemma 2.8 it is shown that every finite dimen-
sional subspace of Cy(Q) that has the property wc, is a weak Chebyshev
subspace. At the end of this section an example showing that the
generalization in this paper is not vacuous is given.

2.1. PROPOSITION. Let Q = {x,, X,, .., X,,} be a finite totally ordered set
such that x,<x,< --- <x,, let n<m be a positive integer, and let N be
an n-dimensional weak Chebyshev subspace of C(Q) generated by
{g1, 825 -r u}- For each 6 >0 and each j=1,2, .., m, define

e~ g (x),  for k=1,2,.,n

ek

gZ(xj) =

i=1

Then

(1) Foreach k=1,2, .., n, g7 converges uniformly to g, as ¢ — 0.
(2) For each 0>0, the subspace N° of C(Q) generated by
{g7, &5, . &5} has the property c,.

Proof. Tt follows from Proposition 1.2 of Karlin [5, p. 2207, and the
fact that N has the property we,.

22. LemMma.  Let Q be a locally compact totally ordered space, and let N
be an n-dimensional weak Chebyshev subspace of Co(Q). For each f e Co{Q)
and ge N, if (f—g) equioscillates ar (n+1) points of Q, then | f —g| =
d(f, N}.

Proof. Assume not; then there is 2e N, such that ||f—h] <|f—gl.
Since f— g equioscillates at (n+1) points, it follows that there are
X <Xp< .- <Xx,,,in Q and ¢= =1, such that foreach k=1,2,.,n+1

(=D (f—g)x)=¢ S —¢gl.

640/67/2-2
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Let r=h—g. Then for each k=1,2,..,n+1,
o(— 1) r(xe) =e(=1)* (f —g)(xe) — e(=1)* (f — h)(xi)
= I/~ gl —e(=1)* (f —h)(xi)
2f—gll=Ilf—hl>0.

Thus r has more than (n—1) changes of sign. Therefore N is not a weak
Chebyshev subspace, which is a contradiction.

23. LEMMA. Let Q= {x, X;, .., X,,} be a finite totally ordered space
such that x| <x,< --- <Xx,,, let n<m—1 be a positive integer, and let N be
an n-dimensional weak Chebyshev subspace of C(Q). Then for each f e C(Q),
there is ge N such that || f— gl| =d(f, N) and f— g equioscillates at (n+1)
points of Q.

Proof. If fe N then d(f, N)=|f— f|l =0 and 0 equioscillates. So one
may assume that f'¢ N.

Let {g, &5, g,} be a basis for N. For each i>1, let o,=i By
Proposition 2.1 the n-dimensional subspace N’ of C(Q) generated by
{g\, gk, -, g5} has the property c,. Thus by Proposition 1.5, if g’ is the
unique best approximation to f from N’ then f—g’ equioscillates at
(n+ 1) points; that is, there is ;= +1 and x| <x)< --- <x},in Q, such
that for each k=1,2,..,n+1,

(=D (f =) x)=¢ /=gl

Since g'e N, it follows that there are A}, 15,.. A, in R such that
gi=3%_, AL gi. Using the fact that g} — g, uniformly on Q, |[g’| <2 | fII.
Using the fact that g, g5, ..., £, are linearly independent, it follows that the
sequence {(A%,..,4,)};2, is bounded in I;°. Therefore, the sequence
{(xi, wxbip, &A%, . AL)}2, has a convergent subsequence in
(1324 @) %%, . | |

Without loss of generality assume that {(x}, .., X5, 1, €5 Als s A3) 521
converges to (X;, .., X, 1, & Ay, . 4,), and that g;=¢ for each i> 1. It is
clear that x; <x,< --- €x,,. Let g=>%_; A, g in N; by Lemma 2.2 it
is enough to show that f— g equioscillates at (n+ 1) points.

By Proposition2.1 for each k=1,2,..,n gi—g, Thus since
(A%, .y ADY > (Aq, .y 4,), it follows that

lim |f—g'll=If—gl
11— 00
Furthermore (x}, ..., x5, ()= (x;, .., X, 1), so for each k=1,2,..,n+1,

Jim (f —g')(x%) = (f = g)(xe).
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Thus for each k=1,2,.,n+1, eff—gl=1im,, ,&[f— gl =
(— 1) lim,_, o (f — g)xi) = (= 1)* (f — g)(x,). Since [f—gll #0, it
follows that x, <x,<---<x,,; and (f—g) equioscillates at
X <Xy < o < Xy g

2.4. LEMMA. Let Q be a locally compact totally ordered space that con-
tains at least (n+ 1) points, and let N be an n-dimensional weak Chebyshev
subspace of Cy(Q). Then for each feCy(Q), there is ge N such that
lf—gl =d(f, N) and f— g equioscillates at (n+ 1) points of Q.

Proof. If feN, then d(f, N)=0 and f— /=0 equioscillates, so one
may assume that f¢ N.

Let {g, &>, g} be a basis for N. Since Q contains at least (n+ 1)
points, it follows that one can find a compact subset Q' of Q satisfying the
following properties:

(a) g4, .. g, and f are linearly independent over Q'.

{b) For each xeQ\Q', and each geN with |g|<2|fl, th
inequality |(f — g)(x)] < d(f, N) holds.

For each positive integer i> 1, let ¢,=1/i. By the compactness of ¢', and
the continuity of the functions g,, g,, .., g, and f, one can find a family
{A4,} , of finite subsets of Q' satisfying the following properties:

(1) A, 4,,,, foreachi>1.

(2) For each i> 1, the functions g, .., g, and f are linearly inde-
pendent over 4,.

(3) Foreach i=1 and each xe Q’, there is y € 4,, such that for each
he{g,, ... & f} the inequality |A(x)—h(y)] <e, holds.

For each he Co(Q), let ' =h| . Then it is obvious that the n-dimensional
subspace N’ generated by {g/, .., g’} is a weak Chebyshev subspace in
C(4,). By Lemma 2.3 there is g'=3"%_; ¢ gi in N’ such that || /'~ gl =

d(f, N') and f g equloscﬂlates at n+ 1 points; that is, there is §,= +1
and x{<xi< --- <xk.,in A4, such that for each k=1,2, .,n+1,

(=D =gNx) =3 ILf = &'l

Using the definition of A4, and g%, the fact that | gl <2 | /|, and the fact
that g1> - 8n are linearly independent, it follows that the sequence
{(2%, Ay} }2 is bounded in [°. Thus the sequence {(x%, .., x,., J,
My d)}2 1 has a cluster point (X, .., X,,1 0O, Ag,.nd,) in

(TTxLs Q)Xln+1
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Let g=37%_1 Ax g« in N. Then as in Lemma 2.3 one can show that f— g
equioscillates at x,, .., x,, ;. Therefore, since N is a weak Chebyshev
subspace of Cy(Q), it follows by Lemma 2.2 that || f — g|| = d(/. N).

In the following definition, B(Q) is the set of all bounded real valued
functions defined on Q.

2.5. DeFINITION. Let Q be a locally compact totally ordered space, and
let x; <x,< --- <x, be n points in Q. Then the function f'e B(Q) is said
to alternate between the n points x, ..., x,, if there is ¢= +1 such that

e(—1) f(x)=0, for xe(x;,x;.;)and i=0,1,..,n

where x,= —c0 and x, ;= 0.

In Definition 2.5 the function f can take any value at the points
X1, . X,, and some of the sets (x;, x,, ) for i=0, 1, ..., n might be empty.
It is clear that if f alternates between n points then f has at most » changes
of sign, but the converse is not generally true.

2.6. LeMMA. Let Q be a locally compact totally ordered space, let nz 1
be a positive integer, and let x; <x,< --- <x,_ be n—1 elements in Q. Let
feB(Q) be a bounded function that alternates between the points
Xiy o Xp_q1. If £ Cy(Q) is such that f— g equioscillates at n+ 1 points,
then there is xe Q\ {xy, .., X,_,} such that |g(x)| = | f— gl

Proof. The proof is by induction. If n=1 then there are y, <y, in Q
and e= +1 such that (—1)* (f—g)y)=¢|f—gll for k=1, 2. Thus

(=1 gy =celf—gl+ (=1 flye), for k=12

Since f does not change sign on @, it follows that f(y;) f(y,) =0, so there
is x& {yy, .} such that |g(x)| = | f—gll + | /(x)|; that is, [g(x)| > |l f — gl
Let n>1 be a positive integer and assume that the hypothesis is true for
cach positive integer k£ <#. It will be shown that the hypothesis is true for
k=n+1. Assume that f alternates between the points x,, .., x,, where
X, <x,< -+ <x, in @, and f-g equioscillates at y, .., y,.,, Where
Y1 <P, < -+- < Yoo in Q. Then there is ¢ = +1 such that

(=D (f—g)y)=¢ellf—gl for k=12 .,n+2.

(a) Assume that y,,,=x, for k=1,2,..,n Then y, <x, and g(y,)=
elf—zgl+f) If |lg(y)l=f—gl, then there is nothing to prove. If
lg(y )l < |l.f—gll, then —gf(y,)>0. Since f does not change sign on the
set {xeQ;x<x,}, it follows that —ef(x)>0 for each x<x,. Thus
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e(—1)"*! f(x)=0 for each x>x,. Since y,.,>x,, it follows that
e(—= 1) f(yu42) 2 0. But

(=1 g =elf =gl +(=1)""" f(¥as2)s

so |g(ynsdl=1/—gl+1f(pu ) Z 1/ — gl

(b) Assume that there is- ko€ {1,2,..,n} such that y, ., #Xx.
Then ko<n If yi oy <Xpp» let Q' ={xeQ;x<yp. 1} and {x;,.., x;} =
Q' n{x;,...,x,_y}. The function f]|, alternates between the points
Xiy o Xy, (f—g)lo equioscillates at y,, .., yy 1 and h<ky,—1. Since
the hypothesis is true for k=h+1<k,, it follows that there
is xeQ'\{x;,..,x,_;} such that |g(x)[Z[(f—g)lgl=1/—¢gl I
Vot 1> Xige let Q'={xeQix>yy, 1} and let {x,,.,x}=0n
{x{, ., X, _1}. Since A+ 1 <n—k,, it follows that one can show that there
is xe Q'\ {xy, .., x,_} such that |g(x)| = I(f —g) [o| = |/ —&ll.

27. LemMA.  Let Q be a locally compact totally ordered space, and let N
be an n-dimensional subspace of Co(Q). If N has the property wc,, then for
each x; <x,< -+ <x,_, in Q and each {c, .., 0,_;} with c;,= +1, there
is g€ N satisfying the following properties:

(1) glxx)=0if x, is not an isolated point in @, and o, g(x,) =0 if x,
is an isolated point in Q.

(2) (=1 g(x)=0, for xe(xy,x,,,) and k=0,1,2, .., n—1, where
Xo= —0o0 and x,= 0.

(3) There is x€ Q\ {Xxy, ., X,,_1} Such that g{x)#0.

Proof. Let f: Q — R be a bounded function defined on O as follows:
(a) (=D f(x)=1, for xe(x;, x,, 1) and k=0,1,2,..,n—1.
() If(x)|=1fork=1,2,..,n—1, and the sign of f(x,) satisfies the
property that sign f(x,)=o0, if x; is an isolated point in Q, and f is not
continuous at x, if x, is not isolated in Q.

If Q is compact and the points x, .., x,_, are isolated, then fe Cy(Q).
Thus there is ge N such that | f—gl|l =d(f. N)<|fl =1, and f— g equi-
oscillates at n+ 1 points. It is obvious that for each xe Q, g(x)- f(x} =0,
so applying Lemma 2.6, one can show that g has the required properties.

If ¢ is not compact or if {x;, .., x,_,} are not all isolated, then let
2 be the set of all the compact subsets of ¢ of the form
A=AquAd,v ---uUd,_ ,, where 4;is a compact subset of @ satisfying the
following properties:

(i) 4, <[x;,x;.1for1=0,1,2,..,n—1
(iil}) 4,nd,, = fori=0,1,2,..,n—1.
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(iii) x,€A4, , if x; is a right accumulation point but not a left
accumulation point; x,¢ A,_, U 4, if x; is an accumulation point from both
sides; x,€ A4, if x, is an isolated point and o;=(—1)" and x, eA,;1 if x; is
an isolated point and o,= (—1)""1.

Then X' is partially ordered by inclusion. For each 4e X, let f, € Co(Q)
be a continuous function satisfying the properties that f,=f on A,
[ £l =1, and f,, alternates at (n— 1) points x7, x4, .., x{_,, where x? = x,
if x; is an isolated point. For each 4eZ, let g,e N be such that
I fe—g4l=d(f,, N)and f,— g, equioscillates at (n+ 1) points. Then for
each AeX

lgall SISl +d(fq, N)<2.

It will be shown that, for each ¢>0, there is B, 2 such that for each
AelZ, if B, A, then 1>d(f,, N)>1-e¢. Either Q is not compact or
{x, .., x,_1} are not all isolated points. If 0 is not compact then since
dim N < oo and ||g || <2 for each 4 €2, it follows that there is a compact
subset C of Q such that if x¢ C and A€ 2, then |g,(x)| <e. Let B,e 2 be
such that B,\C# . Then B, satisfies the required properties. If
{x{, ., x,_,} are not all isolated points, then there is 1 <i,<n—1 such
that x, is an accumulation point. Since dim < oo and | g,/ <2 for each
Ae, it follows that there is a neighborhood U of x;, such that for each
x#yin U and 4eZ, |g,(x)—g4(y) <& Let B,eX be such that B,=
Byuv ---UB, yuUB U ---UB, |, with B, nU#J and B; nU# .
Then since g, changes sign in U for each B, = A€ 2, it follows that B, has
the required properties.

By Lemma 2.6 if B,= A€ X, then there exists z,¢ {x{, .., x;_} such
that g (z4)| > 1 —e. Furthermore. it is obvious that g, has the required
sign on A. So since the set {x e Q; |g4(x)| =3 for some A€ X} is compact,
it follows that the net {(g,,z4); 4€Z} has a cluster point (g, z,) in
N x Q, for which g, satisfies properties (1) and (2) and |gy(z0)| = 1. To
show that g satisfies property (3) it is enough to show that
ZoE { X1y s Xy 1}

Assume that zye {x,, .., x,,_, }. Then if z, is not an isolated point in Q,
it follows that g,(z,) =0, which is a contradiction. If z, is an isolated point
in @, then since z, is a cluster point for the set {z,; 42}, it follows that
zo=2z4 for some 4eZX. But then zo¢ {x,, ..., x, _{}.

2.8. LEMMA. Let Q be a locally compact torally ordered space, and let N
be an n-dimensional subspace of Co(Q). If N has the property wc,, then N
is a weak Chebyshev subspace of Co(Q).

Proof. By Proposition 1.2, it is enough to show that N has the property
wes. Let x, <x,< --- <x,_, be (n—1) points in Q. It will be shown by
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induction that for each k<n—1, and each {0y, , .., 0,_;} With o,= £1,
there is g€ N satisfying the following properties:

(1) g(x)=0fori=12,.,k

(2) o,g(x)=0fori=k+1,.,n—1

(3) (—=1) g(x)=0 for xe(x;,x;,¢) and i=0,1,.,n—1, where
x,= —o0 and x,= c0.

(4) There is xe @\ {x;, .., x,_} such that g(x)#0.

If this is true then N has the property wcs.

For k=1, by Lemma 2.7, there are g, g, in N satisfying properties (2},
(3), and (4) with g,(x,)<0 and g,(x,)=0. If g, or g, is equal to zero at
x; then the hypothesis is true for k= 1. Otherwise, let

_ & &>
gl Tt

Then g satisfies properties (1), (2), and (3) and since g(x) g,(x) >0 for
each x¢ {x, .., x,_,}, it follows that g satisfies property (4).

Assume that the hypothesis is true for some k£ <n—2. It will be shown
that it is true for £+ 1.

Since the hypothesis is true for &, it follows that there are g, and g, in
N satisfying properties (3) and (4) such that

g

gl(xi): gZ(xi) fOI‘ l: 15 23 ey ka
gi(xk+1) <0, 82X+ 1) 20,
0:8,(x)=0 for i=k+2,.,n—1and j=1,2.

Using the same approach as that in the case when k=1, one can show
that the hypothesis is true for £+ 1.

2.9. THEOREM. Let Q be a locally compact totally ordered space that
contains at least (n+ 1) points, and let N be an n-dimensional subspace of
Co(Q). Then N has the property wc, if and only if N is a weak Chebyshev
subspace.

Proof. 1t follows from Lemmas 2.4 and 2.8.

2.10. THEOREM. Let Q be a locally compact totally ordered space that
contains at least (n+ 1) points, and let N be an n-dimensional subspace of
Co(Q). Then N is a weak Chebyshev subspace of Cy(Q) if and only if it has
one of the four equivalent properties wc,, wc,, wecs, and wcg.

Proof. 1t follows from Proposition 1.2 and Theorem 2.9.
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In the following example, it is shown that there is a compact totally
ordered space Q that is not homeomorphic to any subset of the real num-
bers, such that for each n> 1, C(Q) contains a weak Chebyshev subspace
of dimension ». For the importance of this space one can see Brown [1, 2].

2.11. ExampLE. Let Q be the set ([0, 1])x {0, 1})\{(0,0), (1,1)}, and
let < denote the lexicographic ordering on Q; that is,

(a, b)Y< (¢, d) if and only if either a<c or a=c and b<d.

By Brown [2], the totally ordered space Q is compact and separable.
Furthermore, it is not homeomorphic to any subset of the real numbers,
and for each (a, 0) e Q the function f, defined by

1 if x<(a,0)

Jal¥)= {0 if x> (a,0)

is continuous.

Let n>1 be a positive integer, let 0<a; < --- <a,<1 be n real num-
bers, and let N be the n-dimensional subspace of C(Q) generated by
{far> far> > fu,}- Then it follows from Karlin [5, Example (ii), p. 16] that
N has the property we,, and thus N is an r-dimensional weak Chebyshev
subspace of C(Q).
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